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In recent years, fabrication, characterization and application of
various nanowire heterostructures have become a wide and hot
ﬁeld of research; see, for example, the reviews by Lauhon et al.
(2004), Mieszawska et al. (2007), Agarwal (2008), Comini et al.
(2009), Barth et al. (2010), Chopra (2010), Fang et al. (2011), Gao
et al. (2011), Garnett et al. (2011), Han et al. (2012). In particular,
special attention is paid to semiconductor core–shell nanowires
which demonstrate promising electronic and optic properties
allowing to consider them as potentially principal parts of various
electronic and optoelectronic devices such as ﬁeld-effect transis-
tors (Lauhon et al., 2002, 2004; Xiang et al., 2006; Lu et al., 2008;
Garnett et al., 2009; Yan et al., 2011), lasers (Qian et al., 2008),
light-emitting diods (Qian et al., 2004; Hayden et al., 2005), and so-
lar cells (Law et al., 2006; Hochbaum and Yang, 2010; Garnett
et al., 2011; Han et al., 2012).
Due to their importance for novel technologies, the core–shell
nanowires are the subject of interdisciplinary research. In the lastll rights reserved.
ineering, Sharif University of
21 66164209; fax: +98 21decade, much effort has been spent to describe the elastic behavior
of crystalline defects (dislocations and disclinations) which can be
generated in core–shell nanowires during their fabrication, testing
and use. The origin of these defects can be misﬁt strains, caused by
the differences in the crystalline lattices and/or coefﬁcients of ther-
mal expansion of cores and shells, or mechanical loading in the
course of various manipulations with nanowires. Theoretical mod-
eling predicts the possibility of nucleation of such misﬁt defects as
straight edge (Gutkin et al., 2000; Liang et al., 2005; Raychaudhuri
and Yu, 2006) and screw (Wang et al., 2010) dislocations, wedge
disclinations and dislocation walls (Sheinerman and Gutkin,
2001), prismatic (Ovid’ko and Sheinerman, 2004; Liang et al.,
2005; Raychaudhuri and Yu, 2006; Aifantis et al., 2007; Colin,
2010; Gutkin et al., 2011) and glide (Chu et al., 2011) dislocation
loops. The misﬁt dislocations were revealed experimentally in
GaP-GaN (Lin et al., 2003), Ge-Si (Goldthorpe et al., 2008) and
InAs-GaAs (Kavanagh et al., 2011, 2012; Popovitz-Biro et al.,
2011) core–shell nanowires. The negative effects of misﬁt and as-
grown threading dislocations on electron ﬁeld-effect mobility
and photoluminescence emission in InAs-GaAs and AlN-GaN
core–shell nanowires were reported by Kavanagh et al. (2011)
and Rigutti et al. (2010), respectively.
Incorporation of core–shell nanowires to device structures often
means that they must be embedded to a matrix which usually has
Fig. 1. An edge dislocation in the core of a core–shell nanowire embedded in an
inﬁnite matrix.
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2006; Garnett et al., 2009; Yan et al., 2011). On the other hand,
the surrounding blocks can be signiﬁcantly coarser than the nano-
wire (Garnett et al., 2009), in which case, from the mechanical
viewpoint, this matrix may be considered in the ﬁrst approxima-
tion as an inﬁnite solid with effective elastic constants. This ap-
proach gives in fact the well-known three-phase-cylinder model
invented by Christensen and Lo (1979) to calculate the effective
elastic moduli of ﬁbrous composites. Thus, the problem of describ-
ing the elastic behavior of dislocations in core–shell nanowires
embedded to inﬁnite matrices naturally issues from the needs of
contemporary nanotechnologies. In the past, many authors at-
tacked this problem within the classical theory of elasticity. Luo
and Chen (1991) solved the problem for an edge dislocation placed
in the shell, while Xiao and Chen (2001) studied the case of its loca-
tion in the matrix. Qaissaunee and Santare (1995) analyzed the sit-
uation when core–shell and shell-matrix interfaces are elliptical,
and an edge dislocation is either in the core, or in the matrix. Re-
cently Chen et al. (2011) have revisited this problem with arbitrary
dislocation position. In all of these cases, the cores, shells, and
matrices were assumed perfectly bonded. Wang and Shen (2002)
considered the elastic behavior of an edge dislocation inside a shell
which was separated from the core by a sliding interface and from
the matrix by a perfect interface. The aforementioned problems
have been solved within the classical linear theory of elasticity
which has also been used for describing the elastic behavior of
screw dislocations in cylindrical three-phase materials (Xiao and
Chen, 2000, 2002; Jiang et al., 2003; Liu et al., 2003) and multi-lay-
ered circular inclusions (Honein et al., 2006) with perfect inter-
faces, and in three-phase materials with imperfect interfaces
(Sudak, 2003; Wang et al., 2007; Fang et al., 2009c). The solutions
obtained within the classical approach are suitable for the case of
conventional core–shell structures in which the number of atoms
in the bulk of the core and shell domains is much larger than the
number of atoms at the core–shell and shell-matrix interfaces.
When the core radius and shell thickness fall in the range of several
nanometers, the number of bulk and interface atoms becomes
comparable and the classical approach stops working. One of rela-
tively simple ways to cope with this difﬁculty within a continuum
description is the non-classical approach of surface/interface
elasticity.
The concepts of surface free energy and surface stress in solids
were ﬁrst introduced by Gibbs (1906) and developed gradually
over the time (Shuttleworth, 1950; Gurtin and Murdoch, 1975,
1978; Cammarata, 1994; Gurtin et al., 1998; Goldstein et al.,
2010). In particular, Gurtin and Murdoch (1975, 1978) formulated
the framework for solving problems in the surface/interface elas-
ticity. In their model, the surface/interface is modeled as a layer
of vanishing thickness, which is bonded to the bulk material with-
out slipping and has the material properties different from the
bulk. The strain dependent surface energy CðeabÞ is related to the
stress tensor on the surface/interface as follows:
rsab ¼ s0dab þ
@C
@eab
; ð1Þ
where eab is the 2  2 surface strain tensor, s0 is the residual surface
tension, dab is the Kronecker delta, and Greek indices take values 1
and 2.
Within this version of surface/interface elasticity, many classical
problems related to elastic phenomena at the nanoscale have been
resolved. For example, Cammarata (1994) considered the free sur-
face and interface phenomena in thin ﬁlms, while Sharma et al.
(2003), Sharma and Ganti (2004), Duan et al. (2005), Sharma and
Wheeler (2007), Tian and Rajapakse (2007), and Goldstein et al.
(2010) addressed the inclusion and inhomogeneity problems. Aspecial attention has been paid to elastic interaction of dislocations
with nanoinhomogeneities (Fang and Liu, 2006a, 2006b; Fang et al.,
2008, 2009a, 2009b, 2010; Luo and Xiao, 2009; Feng et al., 2011;
Moeini-Ardakani et al., 2011; Ou and Pang, 2011; Shodja et al.,
2011, 2012; Ahmadzadeh-Bakhshayesh et al., 2012), see a brief re-
view in Shodja et al. (2012). In particular, the surface/interface ef-
fects on dislocation behavior in/near embedded circular (Fang and
Liu, 2006a, 2006b; Fang et al., 2009a, 2010) and elliptic (Luo and
Xiao, 2009; Shodja et al., 2012) imhomogeneities and core–shell
nanowires (Fang et al., 2008, 2009b; Feng et al., 2011; Ou and Pang,
2011), in the walls of nanotubes (Moeini-Ardakani et al., 2011; Sho-
dja et al., 2011), and in free-standing eccentric core–shell nano-
wires (Ahmadzadeh-Bakhshayesh et al., 2012) have been
investigated. It is worth noting that the efforts on describing the
dislocation-inclusion interaction in three-phasematerials with sur-
face/interface effect have been concentrated on screw dislocations
(Fang et al., 2008, 2009b; Feng et al., 2011; Ou and Pang, 2011).
To our best knowledge, the case of edge dislocations in embedded
core–shell nanowires has not been considered yet.
In the present work, we apply the interface elasticity approach
to the case of an edge dislocation located inside the core of a core–
shell nanowire embedded in an inﬁnite matrix. The governing
equations of the interface elasticity are solved by means of com-
plex potential functions expanded in Laurent series.
The paper is organized as follows. In Section 2, the model is de-
scribed and some formulas of interface elasticity are introduced. In
Section 3, some principal steps of the solution procedure are traced.
In Section 4, we discuss the main results of our model, which con-
cern the dislocation stress ﬁeld, image forces and strain energy. Sec-
tion 5 contains the summary and our general conclusions.
2. Model
Consider a straight edge dislocation located inside the core of a
core–shell nanowire which is embedded in an inﬁnite
matrix (Fig. 1). Let the dislocation have the Burgers vector
b ¼ bxex þ byey and be located at a distance c from the core axis
coinciding with the origin of the Cartesian coordinate system.
The core occupies a circular domain 1 of radius R1 and is character-
ized by the shear modulus l1 and the Poisson ratio m1. The shell 2
of outer radius R2 and the surrounding matrix 3 have the elastic
constants l2,m2 and l3,m3, respectively. Following Gurtin and Mur-
doch (1975, 1978) and Gurtin et al. (1998), the inner (core–shell)
interface C and the outer (shell-matrix) interface X are considered
as layers of inﬁnitely small thickness, which are characterized by
the surface Lamé constants lsC; ksC and lsX; ksX, respectively.
Hereinafter we assume that the interfaces adhere to the bulk re-
gions without slipping, and body forces are absent. Then, following
Sharma et al. (2003), the equilibrium and constitutive equations
for isotropic materials can be summarized as follows:
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rBij;j ¼ 0; ð2Þ
rBij ¼ Cijkl ekl ¼ ½kdijdkl þ l ðdikdjl þ dildjkÞ ekl: ð3Þ
On the surface/interface:
hrBab nbi þ rSba;b ¼ 0; ð4Þ
hrBjininji ¼ rSab kab; ð5Þ
rSba ¼ s0dba þ 2ðlS  s0Þdbceca þ ðkS þ s0Þdbaecc: ð6Þ
Here rij and eij are the stress and strain tensors, respectively,
lS; kS are Lamé constants for the isotropic surface/interface, the
subscripts B and S denote the bulk and the surface/interface,
respectively, s0 is the residual surface/interface stress, na is the
component of the normal vector to the surface/interface, kab is
the curvature tensor of the surface/interface, dij is the Kronecker
delta, and hXi ¼ Xþ  X denotes the jump across the interface.
In the case under consideration, the following boundary condi-
tions issue from Eqs. (4) and (5) and from the continuity of
displacements.
On the interface C:
rð1Þrr ðz ¼ R1eihÞ  rð2Þrr ðz ¼ R1eihÞ ¼ 
rChh
R1
; ð7Þ
rð1Þrh ðz ¼ R1eihÞ  rð2Þrh ðz ¼ R1eihÞ ¼
1
R1
@rChh
@h
; ð8Þ
uð1Þr ðz¼R1eihÞ¼uð2Þr ðz¼R1eihÞ; uð1Þh ðz¼R1eihÞ¼uð2Þh ðz¼R1eihÞ: ð9Þ
On the interface X:
rð2Þrr ðz ¼ R2eihÞ  rð3Þrr ðz ¼ R2eihÞ ¼ 
rXhh
R2
; ð10Þ
rð2Þrh ðz ¼ R2eihÞ  rð3Þrh ðz ¼ R2eihÞ ¼
1
R2
@rXhh
@h
; ð11Þ
uð2Þr ðz¼R2eihÞ¼uð3Þr ðz¼R2eihÞ; uð2Þh ðz¼R2eihÞ¼uð3Þh ðz¼R2eihÞ: ð12Þ
Here ðrðjÞrr ;rðjÞrh Þ and ðuðjÞr ; uðjÞh Þ are the stress and displacement
components, respectively, in the polar coordinate system ðr; hÞ
with the origin at the core axis. The superscript j denotes the jth
domain, j ¼ 1; 2; 3 (see Fig. 1), the superscripts C and X denote
the corresponding interfaces, and z ¼ reih is the complex
coordinate.
Let us assume that s0 ¼ 0. Then Eq. (6) gives
rChh ¼ ð2lsC þ ksCÞeChh; ð13Þ
rXhh ¼ ð2lsX þ ksXÞeXhh; ð14Þ
where rChh;rXhh and eChh; eXhh are the interfacial stresses and strains,
respectively. In the case of perfectly bonded interfaces, the interfa-
cial strains are continuous across the interfaces:
eChh ¼ eð1Þhh ðz ¼ R1eihÞ ¼ eð2Þhh ðz ¼ R1eihÞ; ð15Þ
eXhh ¼ eð2Þhh ðz ¼ R2eihÞ ¼ eð3Þhh ðz ¼ R2eihÞ: ð16Þ
In the bulk regions, it follows from the Hooke’s law that
eðjÞhh ¼
1
2lj
ð1 mjÞrðjÞhh  mjrðjÞrr
h i
; j ¼ 1; 2; 3: ð17Þ
Substitution of Eqs. (15)–(17) in Eqs. (13) and (14) results inrihh ¼ gij ð1 mjÞrðjÞhh  mjrðjÞrr
h i
; ð18Þ
where i ¼ C; X, gij ¼ ð2lsi þ ksiÞ=ð2ljÞ and the bulk stress compo-
nents are taken at the corresponding interfaces C and X.
By substituting Eq. (18) in Eqs. (7), (8), (10), and (11), we can re-
write the stress discontinuity conditions at the interfaces as follows:
rð1Þrr ðz¼R1eihÞrð2Þrr ðz¼R1eihÞ
¼gCj
R1
ð1mjÞrðjÞhhðz¼R1eihÞmjrðjÞrr ðz¼R1eihÞ
h i
; j¼1;2; ð19Þ
rð1Þrh ðz ¼ R1eihÞ  rð2Þrh ðz ¼ R1eihÞ
¼ gCj
R1
ð1 mjÞ@r
ðjÞ
hh
@h

z¼R1eih
 mj @r
ðjÞ
rr
@h

z¼R1eih
2
64
3
75; j ¼ 1; 2; ð20Þ
rð2Þrr ðz¼R2eihÞrð3Þrr ðz¼R2eihÞ
¼gXj
R2
ð1mjÞrðjÞhhðz¼R2eihÞmjrðjÞrr ðz¼R2eihÞ
h i
; j¼2;3; ð21Þ
rð2Þrh ðz ¼ R2eihÞ  rð3Þrh ðz ¼ R2eihÞ
¼ gXj
R2
ð1 mjÞ@r
ðjÞ
hh
@h

z¼R2eih
 mj @r
ðjÞ
rr
@h

z¼R2eih
2
64
3
75; j ¼ 2; 3: ð22Þ3. Solution
According to Muskhelishvili (1975), the bulk stress and dis-
placement components can be expressed via two potential func-
tions / and w of the complex variable z as follows
rhh þ rrr ¼ 2ð/0 þ /0Þ; ð23Þ
rrr  irrh ¼ /0 þ /0  z/00  e2ihw0; ð24Þ
ur þ iuh ¼ e
ih
2l
ðj/ z/0  wÞ; ð25Þ
where l is the in-plane shear moduli. For the plane deformation of
isotropic materials, j ¼ 3 4m, where m is Poisson’s ratio.
In view of Eqs. (9), (12), (19)–(25), the boundary conditions of
our problem read:
a1ð/01  z/001Þ  a2ð/02  z/002Þ þ ðz=zÞðw01  w02Þ
 
z¼R1eih
þ a1ð/01 þ z/001Þ  a2ð/02 þ z/002Þ þ zð/001  /002Þ
 
z¼R1eih ¼ 0; ð26Þ
b2ð/02  z/002Þ  b3ð/03  z/003Þ þ ðz=zÞðw02  w03Þ
 
z¼R2eih
þ b2ð/02 þ z/002Þ  b3ð/03 þ z/003Þ þ zð/002  /003Þ
 
z¼R2eih ¼ 0; ð27Þ
m12j1/1  j2/2f gjz¼R1eih
 zðm12/01  /02Þ þm12w1  w2
 
z¼R1eih ¼ 0; ð28Þ
m23j2/2  j3/3f gjz¼R2eih
 zðm23/02  /03Þ þm23w2  w3
 
z¼R2eih ¼ 0; ð29Þ
where ak ¼ 2g11g12ð1 mkÞ=a 1, bk ¼ 2g22g23ð1 mkÞ=b 1,
a ¼ R1ðg11  g12Þ þ g11g12, b ¼ R2ðg22  g23Þ þ g22g23, k ¼ 1; 2; 3;
m12 ¼ l2=l1, and m23 ¼ l3=l2.
For an edge dislocation placed inside the core of the nanowire,
the complex potentials /j and wj can be expressed as
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Xþ1
n¼0
Að1Þn z
n; ð30Þ
w1ðzÞ ¼ c lnðz cÞ  c
c
z c þ
Xþ1
n¼2
Bð1Þn z
n2; ð31Þ
for the core ðjzj < R1Þ;
/2ðzÞ ¼ Að2ÞL ln zþ
Xþ1
n¼1
Að2Þn z
n; ð32Þ
w2ðzÞ ¼ Bð2ÞL ln zþ
Xþ1
n¼1
Bð2Þn z
n2; ð33Þ
for the shell ðR1 < jzj < R2Þ;
/3ðzÞ ¼ Að3ÞL ln zþ
X2
n¼1
Að3Þn z
n; ð34Þ
w3ðzÞ ¼ Bð3ÞL ln zþ
X2
n¼1
Bð3Þn z
n2; ð35Þ
for the matrix ðjzj > R2Þ. Here c ¼ l1ðby  ibxÞ=½4p ð1 m1Þ, and the
unknown coefﬁcients AðjÞL , A
ðjÞ
n , B
ðjÞ
L , and B
ðjÞ
n are determined from the
boundary conditions (26)–(29). In fact, we have eight unknown
coefﬁcients for each value of n in the exponent einh, which are Að1Þn ,
Bð1Þn , A
ð2Þ
n , and B
ð2Þ
n for positive n in Eqs. (30)–(33), and A
ð2Þ
n , B
ð2Þ
n , A
ð3Þ
n ,
and Bð3Þn for negative n in Eqs. (32)–(35). A
ðjÞ
L and B
ðjÞ
L appear in the
exponent einhjn¼0 of the boundary conditions.
To obtain these unknown coefﬁcients, the potential functions
(30)–(35) have been substituted in the boundary conditions
(26)–(29), and the coefﬁcients of einh for both positive and nega-
tive values of n have been drawn out and equaled to zero. By
solving these eight equations, eight unknown coefﬁcients have
been obtained. For n = 0, the coefﬁcients at einhjn¼0 produce four
equations in the terms of AðjÞL and B
ðjÞ
L . By solving these four equa-
tions, AðjÞL and B
ðjÞ
L can be obtained. Since the procedure leads to
very cumbersome formulas for these coefﬁcients, we do not show
them here.
With the solution on hand, we can study the elastic behavior of
the dislocation within the core depending on the main parameters
of the system. In doing so, we will consider the dislocation stress
ﬁeld, the image force acting the dislocation from both the core–
shell and shell-matrix interfaces, and the dislocation strain energy
as well.
The stress tensor components in polar coordinates yield from
Eqs. (23) and (24) as follows:
rðjÞrr ¼ Reð/0j þ /0j  z/00j  e2ihw0jÞ; ð36Þ
rðjÞhh ¼ Reð/0j þ /0j þ z/00j þ e2ihw0jÞ; ð37Þ
rðjÞrh ¼ Imð/0j þ /0j  z/00j  e2ihw0jÞ: ð38Þ
The normal axial stress components is given by the standard
formula of plane-strain elasticity: rðjÞzz ¼ mjðrðjÞrr þ rðjÞhhÞ.
In Cartesian coordinates, the stress components are given by
(Muskhelishvili, 1975)
rðjÞxx ¼ Reð2/0j  z/00j  w0jÞ; ð39Þ
rðjÞyy ¼ Reð2/0j þ z/00j þ w0jÞ; ð40Þ
rðjÞxy ¼ Imðz/00j þ w0jÞ: ð41ÞThe image force on the edge dislocation is commonly deter-
mined via the Peach–Koehler formula (Peach and Koehler, 1950)
which in our case reads:
fx  ify ¼ bx ~rð1Þxy ðc;0Þ þ by ~rð1Þyy ðc;0Þ
þ i bx ~rð1Þxx ðc;0Þ þ by ~rð1Þxy ðc;0Þ
h i
; ð42Þ
where ~rð1Þij ðc;0Þ is the perturbation stress component at the disloca-
tion line. Following Weertman (1965), we replace the stress tensor
in Eq. (42) by its deviator part to take into account the inelastic
change in the solid volume accompanying the dislocation climb:
fx  ify ¼ bx ~rð1Þxy ðc;0Þ þ by ~rð1Þyy ðc;0Þ þ i bx ~rð1Þxx ðc;0Þ þ by ~rð1Þxy ðc;0Þ
h i
 1þ m1
3
ðby þ ibxÞ ~rð1Þxx ðc;0Þ þ ~rð1Þyy ðc;0Þ
h i
: ð43Þ
The glide image force fg , which is parallel to the Burgers vector,
and the climb image force fc , which is perpendicular to the Burgers
vector, are given by Stagni (1993)
fg ¼ fx cos hþ fy sin h; ð44Þ
fc ¼ fx sin h fy cos h; ð45Þ
where h ¼ arctanðby=bxÞ. After some algebra with Eqs. (39)–(41),
(43)–(45), the climb and glide forces read
fc  ifg ¼ bx þ iby3b 3ðbx þ ibyÞ w
0
1ðzÞ þ z/001ðzÞ
 
 2ð1 2mÞðbx  ibyÞRe/01ðzÞ

; ð46Þ
where b is the Burgers vector magnitude, b2 ¼ b2x þ b2y .
In numerical studies presented below, we also use the normal-
ized glide and climb forces which are determined by
fg0 ¼ 4pð1 m1ÞR1
l1b
2 fg ; ð47Þ
fc0 ¼ 4pð1 m1ÞR1
l1b
2 fc: ð48Þ
The strain energy of the dislocation can be calculated as the
work spent to generate the dislocation in its own stress ﬁeld (Hirth
and Lothe, 1982). In particular, for a dislocation with Burgers vec-
tor b ¼ bxex, the strain energy (per unit dislocation length) can be
obtained by integration of the dislocation shear stress acting in its
glide plane, over the cut made to create the dislocation, from the
remote outer surface of the solid to the cut-off radius near the dis-
location line:
W ¼ bx
2
Z h
cþr0
rxyðx; y ¼ 0Þdx; ð49Þ
where r0 is the core radius of the edge dislocation. By separating the
integration for each phase, we have
W ¼ bx
2
Z R1
cþr0
rð1Þxy ðx;y¼ 0Þdxþ
Z R2
R1
rð2Þxy ðx;y¼ 0Þdxþ
Z h
R2
rð3Þxy ðx;y¼ 0Þdx
( )
: ð50Þ
Substitution of Eq. (41) with (30)–(35) to these integrals ﬁnally
gives
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2
x
4pð1 m1Þ ln
R1  c
r0
þ bx
2
Im
Xþ1
n¼0
ðn 1ÞAð1Þn þ Bð1Þnþ2
h i
Rn1  ðcþ r0Þn
 n 
þ ðn 1ÞAð2Þn þ Bð2Þnþ2
h i
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
: ð51Þ
Here h is the parameter which describes the screening of the
stress ﬁeld of the dislocation far from its line. Since it is commonly
taken to be equal to the sample size, hereinafter we use the esti-
mate h  1 lm which seems reasonable for our case of a nanowire
embedded in a microscopic device.
For a dislocation with Burgers vector b ¼ byey, the strain energy
can be calculated in a similar way:
W ¼ by
2
Z h
cþr0
ryyðx; y ¼ 0Þdx: ð52Þ
By separating the integration for each phase, we obtain
W ¼ by
2
f
Z R1
cþr0
rð1Þyy ðx; y ¼ 0Þdxþ
Z R2
R1
rð2Þyy ðx; y ¼ 0Þdx
þ
Z h
R2
rð3Þyy ðx; y ¼ 0Þdxg: ð53Þ
Substitution of Eq. (40) with (30)–(35) to these integrals results
in
W ¼ l1b
2
y
4pð1 m1Þ ln
R1  c
r0
þ by
2
Re
Xþ1
n¼0
½ðnþ 1ÞAð1Þn þ Bð1Þnþ2½Rn1  ðc þ r0Þn
n 
þ ½ðnþ 1ÞAð2Þn þ Bð2Þnþ2ðRn2  Rn1Þ  ½ðn 1ÞAð2Þn  Bð2Þnþ2ðRn2  Rn1 Þ
þ ½ðn 1ÞAð3Þn  Bð3Þnþ2Rn2
o
þ½Bð2ÞL þ Að2ÞL  ln
R2
R1
þ ½Bð3ÞL þ Að3ÞL  ln
h
R2

ð54ÞFig. 2. Distribution of stress components rrr (a, c) and rrh (b, d) around an edge
dislocation with Burgers vector components bx ¼ 0:25 nm and by ¼ 0, which is
placed at the distance c ¼ 1:7nm from the axis of an embedded core–shell nanowire
characterized by the following set of parameters: R1 ¼ 2 nm, R2 ¼ 3 nm, l2 ¼ 0:9,
l3 ¼ 0:85, and m1 ¼ m2 ¼ m3 ¼ 0:3. (a, b) Non-classical solution for
lsC ¼ ksC ¼ 0:1 nm and lsX ¼ ksX ¼ 0:3 nm. (c, d) Classical solution for
lsC ¼ ksC ¼ 0 and lsX ¼ ksX ¼ 0. The stress values are given in units of l1=100.4. Results and discussion
In this section, we consider several cases illustrating the effect
of the interface elastic properties on the elastic behavior of an edge
dislocation within the core of an embedded core–shell nanowire.
For convenience, we introduce the following normalized elastic
constants: l2 ¼ l2=l1, l3 ¼ l3=l1, lsi ¼ lsi=l1, ksi ¼ ksi=l1, and
gsi ¼ 2lsi þ ksi, where i ¼ C; X (see Fig. 1). Note that l2 and l3
are dimensionless, whereas lsi and ksi have the dimension of length
and are referred to as the intrinsic lengths of the nanostructure.
The geometry of the system is characterized by the dimensionless
parameters R2 ¼ R2=R1 and c ¼ c=R1.
4.1. Stress ﬁelds
A general view on the dislocation stress ﬁelds is illustrated by
Fig. 2 where the maps for rrr and rrh stress components are shown
for the following values of the system parameters: bx ¼ 0:25 nm,
by ¼ 0, c ¼ 1:7 nm, R1 ¼ 2 nm, R2 ¼ 3 nm, l2 ¼ 0:9, l3 ¼ 0:85, and
m1 ¼ m2 ¼ m3 ¼ 0:3. The maps (a) and (b) have been calculated with
the interface effects taken into account (within the non-classical
surface/interface elasticity) for lsC ¼ ksC ¼ 0:1 nm and
lsX ¼ ksX ¼ 0:3 nm, while the maps (c) and (d) have been ob-
tained within the classical theory of elasticity (with lsC ¼ ksC ¼ 0
and lsX ¼ ksX ¼ 0). It is seen that near the dislocation line and in
the inner region of the core (r < 1 nm), the classical and non-classi-
cal solutions practically coincide. However, in the outer region of
the core ð1 nm 6 r < 2 nmÞ, in the shell and in the inner regionof the matrix (at least for 3 nm < r < 4 nmÞ, they are rather differ-
ent. Due to the non-classical interface effect, the stress components
are discontinuous at the interfaces and oscillate along them within
the annulus 1 nm < r < 4 nm. The discontinuity and oscillations
are evident at the inner interface C which is closer to the disloca-
tion. At the outer interface X, the stress jumps and oscillations are
less pronounced though the intrinsic lengths are greater here than
at the inner interface. In contrast to the non-classical solution, the
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ity of stress components rrr and rrh at both the interfaces and their
much smoother change along them.
It is worth noting that surface oscillations of stresses have al-
ready been observed by Moeini-Ardakani et al. (2011) who have
studied the elastic behavior of an edge dislocation inside the wall
of a free-standing nanotube within the surface elasticity. At the
same time, a careful examination of stress distribution in the case
of an edge dislocation placed near an elliptic inhomogeneity
embedded to an inﬁnite matrix (Shodja et al., 2012) has shown
no stress oscillations at the interface within the same non-classical
theory of elasticity. A reason for this discrepancymay be the sign of
the surface/interface elastic moduli used in calculations of Moeini-
Ardakani et al. (2011) and Shodja et al. (2012). In the ﬁrst case,
their values have been taken as ls=l ¼ 0:17915 nm and
ks=l ¼ 0:1005 nm for Al [100] surface (Fang and Liu, 2006b), in
which case the characteristic parameter gs ¼ ð2ls þ ksÞ=ð2lÞ has
been negative: gs ¼ 0:1289 nm. In the second case, the character-
istic parameter Ks ¼ 2ls þ ks  s0 has been chosen positive:
Ks ¼ 10N=m.
To clarify a reason of the stress oscillations at and near surfaces
and interfaces within the non-classical surface/interface elasticity,
in Fig. 3, we show the plots of stress distributions along the inner
(Fig. 3(a) and (c)) and outer (Fig. 3(b) and (d)) interfaces for positive,
negative and zero values of the characteristic parameters gsC and
gsX. The case of positive interface moduli (referred to as gs > 0Þ is
considered here for lsC ¼ ksC ¼ 0:1 nm and lsX ¼ ksX ¼ 0:3 nm,
the case of negative interface moduli (referred to as gs < 0Þ for
lsC ¼ ksC ¼ 0:1 nm and lsX ¼ ksX ¼ 0:3 nm, and the classical
case for lsC ¼ ksC ¼ 0 and lsX ¼ ksX ¼ 0. Values of other parameters
of the system are taken the same as before for Fig. 2.
As is seen, the non-classical solutions for both the rrr and rrh
stress components are discontinuous at both the inner and outer
interfaces. In the case of positive interface moduli, the non-classi-
cal solutions weakly differ from the classical ones and show no
oscillations. The interface jump magnitude for rrr reaches approx-
imately l1=263 and l1=510, and for rrh  l1=14 and l1=137 at the
inner and outer interface, respectively.Fig. 3. Distribution of the dislocation (a, b) rrr and (c, d) rrh stress components along
parameters: bx ¼ 0:25 nm, by ¼ 0, c ¼ 1:7 nm, R1 ¼ 02 nm, R2 ¼ 3 nm, l2 ¼ 0:9, l3 ¼ 0:8In the case of negative interface moduli, the non-classical solu-
tions drastically differ from the classical ones and demonstrate 10
and 5 periods of oscillations at the inner and outer interface, respec-
tively. It is of interest that the radial stresses rð1Þrr ðR1; hÞ and
rð2Þrr ðR1; hÞ, and rð2Þrr ðR2; hÞ and rð3Þrr ðR2; hÞ oscillate in phase, while
the shear stresses rð1Þrh ðR1; hÞ and rð2Þrh ðR1; hÞ, and rð2Þrh ðR2; hÞ and
rð3Þrh ðR2; hÞ oscillate in antiphase. The interface jump magnitude for
rrr achieves approximately l1=48 and l1=70, and for rrh  l1=2:6
and l1=9:7 at the inner and outer interfaces, respectively.
Thus, we can conclude that the negative values of the interface
moduli are responsible for stress oscillations at and near the inter-
faces, while their positive values cause no oscillations. The stress
discontinuities at the interfaces are greater in the case of negative
interface moduli than in the case of positive interface moduli. The
shear stress suffers stronger oscillations and jump discontinuities
than the radial stress. In the case of negative interface moduli,
the radial stress oscillates in phase, while the shear stress oscillates
in antiphase. The stress discontinuities, oscillation amplitude and
frequency are higher at the interface which is closer to the
dislocation.
Within the surface/interface elasticity used in the present work,
the interfaces are considered as vanishingly thin layers which are
characterized by their own elastic constants, ksi and lsi. The nor-
malized interface parameters ksi ¼ ksi=l1 and lsi ¼ lsi=l1 then
have the sense of internal characteristic lengths of the interfaces,
which can be either positive or negative (see, for example, Miller
and Shenoy, 2000; Mi et al., 2008; Pahlevani and Shodja, 2011).
Following our calculations, negative values of these lengths can
lead to stress oscillations. Although the origin of these oscillations
is not yet well understood, we can suppose that the negative values
stimulate some additional degrees of freedom in the form of shape
instability for interfaces of enhanced curvature. Moeini-Ardakani
et al. (2011) treated this effect as surface rippling due to the pres-
ence of edge dislocation. Similar rippling could be attributed to
interfaces as well.
It is worth noting that recently Zhang and Aifantis (2011) have
used the gradient plasticity framework to capture the softening of
nanocrystalline materials due to grain boundaries. They havethe (a, c) inner and (b, d) outer interfaces for the following values of the system
5, and m1 ¼ m2 ¼ m3 ¼ 0:3.
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ness, in which case the negative values of the interface energy
parameter cgb mean that the grain boundaries become the carriers
of plastic deformation instead of the grain interiors. In other words,
a negative value of cgb gives additional internal degrees of freedom
to grain boundaries, allowing them to plastically relax indepen-
dently of the grain interiors.
Thus, in both of the abovementioned approaches, negative val-
ues of the characteristic interface parameters can lead to effects
demonstrating activation of additional internal degrees of freedom
for interfaces.
4.2. Image forces
Here we consider the effect of interface elastic moduli on the
dependences of the image forces, acting on an edge dislocation,
on the normalized dislocation position c ¼ c=R1 in the core of the
embedded core–shell nanowire (Fig. 4), on the core radius R1
(Fig. 5), and on the orientation of the dislocation Burgers vector b
(Fig. 6).
The curves in Fig. 4 have been plotted for R1 ¼ 20 nm,
R2 ¼ 40nm, l2 ¼ 0:9, l3 ¼ 0:8, m1 ¼ m2 ¼ m3 ¼ 0:3, and two orthog-
onal orientations of the Burgers vector: (bx ¼ 0:25 nm, by ¼ 0) and
(bx ¼ 0, by ¼ 0:25 nm) for studying the glide (Fig. 4(a)) and climb
(Fig. 4(b)) image force, respectively. For the sake of deﬁniteness,
the elastic moduli of the inner and outer interfaces have been as-
sumed the same, lsC ¼ lsX ¼ ls and ksC ¼ ksX ¼ ks, in which case
the non-classic solutions have been plotted for ls ¼ ks ¼ 0:1 nm,
while the classic solutions for ls ¼ ks ¼ 0.
Since the core has been chosen harder than the shell and matrix
in these calculations, both the classical and non-classical solutionsFig. 4. Dependence of the normalized (a) glide and (b) climb image forces on the
normalized position c ¼ c=R1 of the edge dislocation with the Burgers vector (a)
bx ¼ 0:25 nm, by ¼ 0, and (b) bx ¼ 0, by ¼ 0:25 nm, for the following values of the
system parameters: R1 ¼ 20 nm, R2 ¼ 40 nm, l2 ¼ 0:9, l3 ¼ 0:8, and
m1 ¼ m2 ¼ m3 ¼ 0:3.for the glide and climb image forces are positive and increase with
c in almost all of the core section (Fig. 4), which means that the dis-
location is pushed out from the core. In addition to the classical im-
age forces, which attract the dislocation to the core–shell interface,
the positive (negative) interface moduli add some extra repelling
(attracting) image forces acting on the dislocation in this region.
However, the non-classical interface effect is not qualitative there.
Quite a different situation is with a very thin layer of thickness
about of 0.8 nm along the inner interface, where the non-classical
solutions show qualitatively different behavior. In the case of posi-
tive interface moduli, the non-classical climb image force reaches
its maximum at c  0:967 and then decreases and becomes nega-
tive at ceq  0:984 (Fig. 4(b)), that is at the distance of about
0.36 nm from the interface. Thus, the climbing dislocation has a
non-classical stable equilibrium position in this point near the
core–shell interface. At the same time, the non-classical glide im-
age force behaves like its classical analogue in this case
(Fig. 4(a)). In the case of negative interface moduli, both the non-
classical glide and climb image forces reach their maxima at
c  0:965 and 0.966, and then decrease and become negative at
ceq  0:972 and 0.974, respectively. Therefore, both the gliding
and climbing dislocations occupy their equilibrium positions near
the interface (at the distances of about 0.28 and 0.24 nm from it,
respectively) in this case.
It is worth noting that similar features (the extra image forces
and equilibrium positions) of the non-classical solutions have been
speciﬁed by many authors (Fang and Liu, 2006a, 2006b; Fang et al.,
2008, 2009a, 2009b; Luo and Xiao, 2009; Feng et al., 2011; Moeini-
Ardakani et al., 2011; Ou and Pang, 2011; Shodja et al., 2011, 2012;
Ahmadzadeh-Bakhshayesh et al., 2012).
Let us now ﬁx the dislocation position at the normalized dis-
tance c ¼ 0:8 from the core axis and vary the core radius R1 fromFig. 5. Dependence of the normalized (a) glide and (b) climb image forces on the
core radius for an edge dislocation with the Burgers vector (a) bx ¼ 0:25 nm, by ¼ 0,
and (b) bx ¼ 0, by ¼ 0:25 nm, at the following values of the system parameters:
c ¼ 0:8, R2 ¼ 2, l2 ¼ 0:9, l3 ¼ 0:8, and m1 ¼ m2 ¼ m3 ¼ 0:3.
Fig. 6. Dependence of the normalized (a) glide and (b) climb image forces on the
Burgers vector orientation angle a for the following values of the system
parameters: jbj ¼ 0:25 nm, c ¼ 0:9, R1 ¼ 20 nm,R2 ¼ 40 nm, l2 ¼ 0:95, l3 ¼ 0:9,
and m1 ¼ m2 ¼ m3 ¼ 0:3.
Fig. 7. Dependence of the dislocation strain energy on the normalized position c of
the dislocation with the Burgers vector (a, b) bx ¼ 0:25 nm, by ¼ 0, and (c, d) bx ¼ 0,
by ¼ 0:25 nm, for R1 ¼ 20nm, R2 ¼ 40 nm, m1 ¼ m2 ¼ m3 ¼ 0:3, and different values
of the normalized bulk shear moduli (a, c) l2 ¼ 0:9 and l3 ¼ 0:8 hard core case,
and (b, d) l2 ¼ 1:1 and l3 ¼ 1:2 soft core case.
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the same set of elastic properties (l2 ¼ 0:9, l3 ¼ 0:8,
m1 ¼ m2 ¼ m3 ¼ 0:3, ls ¼ ks ¼ 0; 0:1 nm) and Burgers vector orien-
tations: (bx ¼ 0:25 nm, by ¼ 0) and (bx ¼ 0, by ¼ 0:25 nm). The cor-
responding plots for the glide and climb image forces are given in
Fig. 5(a) and (b), respectively. As is seen, the result of the classical
elasticity ðls ¼ ks ¼ 0Þ is independent of the core size. In contrast
with the classical result, the non-classical solutions strongly de-
pend on the core radius when the latter is relatively small. With
rising R1, the dependence becomes weaker, and the non-classical
solutions tend to the classical limit. Similar size effect have been
revealed in the non-classical solutions obtained by Fang and Liu
(2006a, 2006b), Fang et al. (2009a, 2009b), Luo and Xiao (2009),
Ou and Pang (2011), Shodja et al. (2012), and Ahmadzadeh-
Bakhshayesh et al. (2012).
The effect of the Burgers vector orientation on the glide and
climb image forces is illustrated by Fig. 6(a) and (b), respectively.
Keeping constant the normalized dislocation position c ¼ 0:9, we
vary the angle a between the Burgers vector b and the positive
direction of the x-axis for the following set of the system parame-
ters: jbj ¼ 0:25 nm, R1 ¼ 20 nm, R2 ¼ 40 nm, l2 ¼ 0:95, l3 ¼ 0:9,
and ls ¼ ks ¼ 0; 0:1 nm. Since the core is harder than the shell
and matrix, both the classical and non-classical solutions are al-
ways positive, which means that the dislocation is pushed out of
the core. The account for negative (positive) interface moduli
noticeably (up to roughly 10% and 20% for the gliding and climbing
dislocations, respectively) increases (decreases) this result. For the
case of positive interface moduli, our results are rather similar to
those obtained earlier by Fang and Liu (2006b), Fang et al.
(2009a), Moeini-Ardakani et al. (2011), and Shodja et al. (2012).
However, the negative interface moduli do not lead in our case
to the change of the image force sign in some range of a that
was revealed by Fang and Liu (2006b), Fang et al. (2009a), and
Moeini-Ardakani et al. (2011).4.3. Strain energy
The non-classical interface effect on the dislocation strain en-
ergy is illustrated by Fig. 7. In Fig. 7, the dependences of the strain
energy on the normalized dislocation position are shown for two
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by ¼ 0) and (bx ¼ 0, by ¼ 0:25 nm), and two combinations of the
normalized bulk shear moduli, (l2 ¼ 0:9, l3 ¼ 0:8) and (l2 ¼ 1:1,
l3 ¼ 1:2), which correspond to the cases of hard and soft core,
respectively. For brevity, hereinafter we call the dislocation with
Burgers vector (bx ¼ 0:25 nm, by ¼ 0) as bx-dislocation, and the
dislocation with Burgers vector (bx ¼ 0, by ¼ 0:25 nm) as by-
dislocation.
In the case of hard (soft) core, the strain energy has a classical
maximum (minimum) at the core axis where the dislocation occu-
pies an unstable (stable) equilibrium position. The positive (nega-
tive) interface moduli slightly increase (decrease) the energy level.
The energy gaps between the classical and non-classical solutions
increase when the dislocation moves to the core–shell interface
and reach the magnitudes roughly from 0.01 to 0.02 eV/nm that
makes the average value about of 0.1% of the classical level. Such
a small non-classic effect is due to the fact that the major contribu-
tion to the dislocation strain energy originates from the dislocation
long-range strain ﬁelds spread in the matrix.5. Summary and conclusions
Within the surface/interface elasticity theory, the elastic behav-
ior of an edge dislocation located inside the core of a core–shell
nanowire, which is embedded in an inﬁnite matrix have been stud-
ied. The stress ﬁeld of the dislocation, the glide and climb image
forces acting on the dislocation, and the dislocation strain energy
have been calculated and discussed in detail. The results of the em-
ployed theory are compared with those of the traditional theory;
both solutions coincide in the traditional limiting case where the
interface moduli vanish. The non-classical oscillations of the stress
ﬁelds along the core–shell and shell-matrix interfaces have been
revealed; similar observations have been recently reported by
Moeini-Ardakani et al. (2011) in the case of an edge dislocation
in the wall of a nanotube. It is shown that within the surface elas-
ticity theory, the negative value of the interface parameter is
responsible for stress oscillations at and near the interfaces, while
the positive value of the interface parameter causes no oscillations.
Moreover, in this framework the traction stresses across the inter-
faces can be discontinuous. The stress jumps at the interfaces are
greater in the case of negative interface parameter than in the case
of positive interface parameter. The shear stress exhibits stronger
oscillations and jump discontinuities than the radial stress. In the
case of negative interface parameter, the oscillation across the
interface is in-phase for the radial stress, and is completely out-
of-phase for the shear stress. The stress discontinuities, and ampli-
tude and frequency of oscillation are higher at the interface located
closer to the dislocation.
The present ﬁndings on the glide and climb forces acting on the
dislocation, qualitatively follow similar trends as those reported in
the literature (Fang and Liu, 2006a, 2006b; Fang et al., 2008, 2009a,
2009b; Luo and Xiao, 2009; Feng et al., 2011; Moeini-Ardakani
et al., 2011; Ou and Pang, 2011; Shodja et al., 2011, 2012;
Ahmadzadeh-Bakhshayesh et al., 2012). The surface elasticity solu-
tion for the image forces acting on the dislocation is strongly inﬂu-
enced by the core–shell size. Moreover, a positive (negative)
interface parameter results in an extra repelling (attracting) effect
from (to) the core–shell interface as compared to the solution of
traditional elasticity. Within the interface elasticity, the dislocation
can occupy additional equilibrium positions in a close vicinity of
the core–shell interface. The calculated value of the dislocation
strain energy is rather close to the classical solution. This is ex-
pected since the size of the core–shell regions are negligibly small
in comparison with the inﬁnite surrounding matrix. Thus, the
difference between the traditional and the interface elasticitydislocation strain energies are negligible when the dislocation is
placed in the central region of the core and attains its maximum
value when it is near the core–shell interface.Acknowledgement
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